Copulas — Theory & Project with R

Introductory Notes

Purpose

The Introductory Notes document ensures that the course content consists primarily of
substantive elements, maintaining a structured and seamless flow that enhances the learning
experience. By providing these notes, the course material is refined by removing non-essential
discussions, reflections, comments, and various explanations that, while valuable, might disrupt
the course’s rthythm, thereby affecting its reception and digestibility. These additional elements,
essential as complementary parts of the course, are instead compiled in the Introductory Notes.

The Main Components of the Course
This course consists of three main block:

e Block 1: Companion Materials
e Block 2: A Brief Guide to Four Fundamental Copulas,
e Block 3: Study of Two-Dimensional Distributions of Random Variables Using R.

Block 1 includes a variety of files that support the course. There are eight dataset files:
copula_data_01.xIsx, copula_data 01.csv, and three additional pairs of files. Each pair contains
the same data but is saved in different file formats. However, the data differ between the pairs.
One of the files available in this block is copula data 03.xlsx. It is specifically used in the
project presented in Block 3. The remaining datasets are intended for those who wish to repeat
the project using different data.

Additionally, Block 1 contains the following supporting materials:

e copulas_project.pdf — A document describing the project from Block 3, including the tasks
to be completed using R.

e copulas project.R — An R script containing all the necessary code to complete the project
tasks.

e copulas_probabilistic formulas.pdf — A collection of formulas for calculating probabilities
using copulas. These formulas are categorized into three groups:

1. Formulas for Marginal Probabilities,
2.  Formulas for Joint Probabilities,
3.  Formulas for Conditional Probabilities.

Block 2 provides a smooth and accessible introduction to the world of copulas. It is designed
to familiarize learners with the fundamental concepts of copula theory in a concise and easy-
to-understand manner. This is not an extensive theoretical block. Instead, it serves as a practical
primer, equipping learners with the essential knowledge needed to grasp the core principles of
copula modeling. This foundation will help ensure a clear understanding of the methodology
and enable effective completion of the project in Block 3.



Block 3 presents a hands-on project using R, with the following objectives:

e Modeling data from the copula_data 03.xlIsx file using bivariate copulas,

o Simulating modeled data based on the selected copula,

o Computing probabilities (marginal, joint, and conditional) when the true bivariate
probabilistic distribution of the analyzed variables is unknown.

This block allows learners to follow the step-by-step implementation of project, ensuring they
are well-prepared to independently repeat the project using different datasets, such as those
provided in Block 1.

By analyzing this project, learners can:

¢ Gain a deeper understanding of copula modeling techniques,

e Develop skills to undertake more advanced educational tasks related to copulas,

e [earn how to apply copulas to real-world problems where these methods can be useful for
statistical modeling.

The materials in these blocks are designed to enhance learners’ copula modeling skills and help
them recognize the scientific and practical applications of copula theory.

By the end of this course, participants will be equipped with both theoretical knowledge and

practical experience, allowing them to effectively use copulas for data analysis and problem-
solving in various contexts.

R Version Utilized
This course has been conducted using R version 4.4.2.
External Packages Used

The following external R packages have been utilized:

copula (ver. 1.1-4, license: GPL(>=3) | LICENSE) — core to the project
gridExtra (ver. 2.3, license: GPL(>=2))

kdeld (ver. 1.1.0, license: MIT + file LICENSE)

rio (ver. 1.2.3, license: GPL-2)

While the copula package is essential to the project, the other packages may be substituted with
alternatives that provide similar functionalities.

Why Are Only Four Copulas Addressed?

There exist an infinite number of copulas, with various types available for modeling. However,
for the purpose of this course, we have selected four representative copulas, despite the
availability of additional copulas in the copula package.

The selected copulas include:

« Elliptical Copulas: Gaussian and Student-t copulas



e Archimedean Copulas: Clayton and Gumbel copulas

The course follows a well-thought-out content approach, aiming to make complex topics
accessible while allowing learners to progressively deepen their understanding of the field.
These four copulas have been chosen for their ability to effectively illustrate the fundamental
concepts of copula modeling in a clear and comprehensible manner.

Intervals for Copula Parameters and Dependence Measures

Certain copula parameter and dependence measure, as presented in block A Brief Guide to Four
Fundamental Copulas, have been adjusted in terms of their ranges and boundaries, to ensure
mutual coherence. In particular, they have been aligned with conditions such as the Durbin-
Stuart criteria for Kendall’s Tau and Spearman’s Rho.

For instance, when defining a Clayton copula using the function copula::claytonCopula(), one
could set the copula parameter (theta) to a value from the interval [-1,0). However, this would
result in lower tail dependence coefficients greater than 1, which contradicts the standard
approach that this coefficient should not exceed 1.

To maintain consistency with conventional settings, the parameter theta has been constrained
to values greater than 0 throughout the course.

Copula Estimation Methods

In this project, copula parameter estimation has been conducted using the "mp!/"” (Maximum
Pseudo-Likelihood) method, which is the default, except for the estimation of the t-Copula. To
estimate the degrees of freedom (df) parameter for the Student-t copula, the method argument
in the copula: . fitCopula() function must be set to "ml", as "mpl” does not support df estimation.

Goodness-of-Fit (GOF) Verification

The function copula::gofCopula(), which is not used in this project, performs a statistical test
to assess whether a given copula type is suitable for modeling a dataset. However, it does not
compare estimated copulas with one another. Instead, it serves as an ex-ante assessment to
determine whether a proposed copula model is appropriate for the data.

In this project, ex-post methods have been used for goodness-of-fit evaluation. After estimating
the models, their fit is assessed using the following base R functions:

o logLik()
o AIC()
e BIC()

These functions correspond to log-likelihood function, Akaike Information Criterion (AIC),
and Bayesian Information Criterion (BIC). These criteria help identify the best-fitting copula
model, which is then used for further analysis.



